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Abstract An algorithm for stable transient solutions was developed for a non-linear constitutive
model for void growth and nucleation with elasto-plastic deformation of plate structures under
bending loads. The Gurson model was used for void growth and plastic deformation. The
constitutive model was incorporated into a plate element which includes both transverse shear and
normal deformations. Numerical examples were provided to test the algorithm and to show the
effects of the transverse normal deformation and void on plastic strains in plate structures.
Introduction
Void growth and nucleation can have a significant effect on plastic flow
(Addessio et al., 1993). Since voids act as stress concentrators, the overall effect
is to reduce the stress under plastic flow, and increase the plastic strain
(Hancock and Thonpson, 1985; Chu and Needleman, 1980; Tvergaard, 1981).
The model proposed by Gurson (1977) appears to have been adopted as the
standard for incorporating void growth and nucleation effects into a numerical
solution of elasto-plastic problems. Previous work has been done on improving
the efficiency and accuracy of plasticity computations, applying plasticity to
plate/shell elements, and incorporating void growth and nucleation effects in
solid elements (Nagtegaal et al., 1974; Shi and Voyiadjis, 1993; Lee and Zhang,
1994). The element presented in this paper incorporates a modified version of
the algorithm for three-dimensional solids proposed by Aravas (1987) into a
plate element. This plate element assumes a modified plane-stress condition,
and utilizes both the hydrostatic pressure and the deviatric stress. Due to the
importance of the hydrostatic pressure on void growth and nucleation, this
element includes the transverse normal stress.
The algorithm proposed by Aravas is not unconditionally stable when
applied to this modified plane stress condition (Aravas, 1987). This paper also
presents modifications to the original algorithm, which greatly enhances the
stability of the solution, at the cost of a slight decrease in computational
efficiency. This algorithm also allows for more general work-hardening profiles
than the typical exponent law ( = K"n). Full modeling of the entire stress-
strain curve is accomplished by a piece-wise linear approximation. While this
method is not particularly useful for analytic approaches, it appears to be





helpful in strictly numerical solutions. The stress-strain relationship may be
taken directly off the results of a standard tensile test.
For thick plate applications, the transverse normal stress and strain cannot
be neglected. The transverse normal stress and strain affect both the
hydrostatic pressure and the deviatoric stress, which in turn affect plastic
deformation and void growth and nucleation. The importance of including the
transverse normal deformation is also outlined in Essenburg (1975).
The present study formulates an algorithm for stable solutions of the
nonlinear constitutive equations for transient analysis of plate structures under
bending loads.
The nonlinear constitutive equations include void growth and nucleation
with plastic deformation. The Gurson model is used as a basis for the
void constitutive model. The nonlinear constitutive equations are applied
to a plate bending element which includes both transverse shear and normal
deformations.
Some example problems are presented to evaluate the formulation and to
investigate the effects of the transverse normal strain for thick plates in
association with elasto-plastic deformation, including void effects. The sections
that follow are: discussion of the elasto-plastic constitutive equation including
void nucleation and growth, the stable solution algorithm, the formulation of




Yielding and plastic deformation in the element follows the model proposed by
Gurson for symmetric deformations around a spherical void (Gurson, 1977).










ÿ   0 1
where  is the current porosity, p is the hydrostatic stress, q is the effective
stress, and 0 is the current yield stress. This model assumes equivalent yield
stress in both tension and compression. The constants q1, q2, and q3 were
introduced by Tvergaard (1981) in order to provide a better match with
numerical studies. Aravas (1987) provided a detailed explanation of
implementing this model in a static finite element algorithm for three-
dimensional solid elements. That algorithm was modified to be applied to
transient plate bending analysis. One thing to be noted in equation (1) is that if
 is initially 0, the yielding criteria surface is identical to the von Mises yield
condition.
After calculating the total strain, elastic strain is computed by substracting





"ef g  "total 	ÿ "p 	 2
The stress is then calculated with the components of f"eg using the
proper constitutive equation as discussed later. Using these values, the
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s21  s22  s23  2 s24  s25  s26
ÿ ÿ r 5
where  is the Kronecker delta function:
fg  f11100gT 6
At this point, F is calculated from equation (1). If F is greater than zero,
indicating plastic flow, iteration is required to determine the new porosity and
change in plastic strain. The predictor-corrector method used in Aravas (1987)
is also used here. Using the values of p and q previously calculated as a first
guess, correction factors are calculated using:
Cf
 	  A ÿ1 A1f g 7
where:

































































































The values for  and  are used to correct the change in strain caused by
hydrostatic pressure and the change in strain caused by effective stress (see
equation (12)), which are then used to determine the change in the plastic strain
vector, as shown in equation (13):
 "newp   "oldp    "0p  0
 "newq   "oldq    "0q  0
12
"P
 	  1
3




This change in plastic strain, {"P} , is then added to the total plastic strain,
and the new elastic strain is calculated using equation (2), and the stress is
calculated from the elastic strain. Next, the change in void content, or porosity,
is calculated as:
  growth  nucleation 14













where N is the volume fraction of void nucleating particles and "N and sN are
the mean and standard deviation of a normal distribution of nucleation strain,
as suggested by Chu and Needleman (1980) and utilized by Aravas (1987).
Then the effective plastic strain and void content are updated with:
"p  ÿp"p  q "q





"ptt  "pt "p 18
where "pt is the effective plastic strain from the previous time step. At this point,
the change in yield stress due to strain hardening is calculated as explained
later. If either  or  is greater than a predetermined tolerance, the process
iterates beginning with equation (7). The tolerance used for all examples
presented in the paper is 1.0 10±4.
Improving stability in the constitutive equations
Stability in the procedure outlined above is very dependent on the order in
which the various equations are evaluated. Aravas (1987) discusses the
stability problem when considering problems involving large plastic strains.
While the change in plastic strain from one time step to the next will
theoretically be small, high strain rate and changes in the strain-hardening
characteristics of the material act to degrade stability. Equations (8), (9) and
(11) are not complete in that they do not contain all of the derivative terms
required by the chain rule.
The predictor-corrector method used is based on Newton's method, where

































































































Derivative terms that are zero have been dropped, and K and G are the bulk
and shear moduli, respectively. f1 is Gurson's void function, and f2 is the flow
rule, both of which are driven to zero. As void content increases, the number of
iterations required to achieve convergence increases dramatically, and often
diverges, instead. By removing all partial derivatives relating to void content,
the stability of the algorithm is greatly increased, at the cost of only two to
three extra iterations, depending on the current void content. The dependence
on the current yield stress is retained to allow convergence across a transition
in the slope of the yield stress versus strain relationship.
The partial derivatives of yield stress with respect to "pq and "q are
computed by calculating the slope from the current yield stress to the yield
stress corresponding to the increase in plastic strain from the corrected values
of "q and "q. This means that these derivatives will be zero on the first
iteration, since both of the control variables are initialized to zero. One of the
assumptions used in this implementation is that once voids form, they do not
disappear. In other words, voids do not disappear when the element is placed in
compression.
Modeling the nonlinear elasto-plastic behavior of the material used is
simplified by constructing a piece-wise linear version of the stress-strain plot.
Using the tangent modulus, ET, for each piece-wise region, the yield stress is
calculated with:
tt0  00 
Xjÿ1
i1
ETi "i ÿ "iÿ1   ETj "efft ÿ "jÿ1
 
26
where tt0 is the yield stress for this time step, 
0
0 is the original yield stress,
"efft is the total effective strain for the time step under consideration, and "i is
the upper strain limit of the ith linear segment. "o is the original yield strain,
and is calculated by the program as simply 00=E . The current effective elastic
strain is calculated by dividing the current yield stress by the elastic modulus, E.
This is added to the current effective plastic strain to obtain the total effective
strain.
Plate bending element formulation
The present plate bending element includes both transverse normal and shear







The displacement field in a shell can be written as:







Nk; HkÿVk2ik1  Vk1ik2  V k3ik3 i  1; 2; 3
27
in which ui is the displacement along the xi axis, u
k
i is the nodal displacement at
the node k, and unit vectors V k1i and V
k
2i lie along the reference surface (usually




3i are mutually perpendicular. 
k
1 and





respectively. k3 is the displacement gradient in the x3-axis. The right-hand rule
is assumed for the positive direction of each rotation. Figure 1 illustrates the
relationship among these vectors.
k1 and 
k
2 are the bending rotations, while 
k
3 is the gradient of the transverse
normal deformation. The role of k3 can be clarified by considering a plate















Equation (28) demonstrates that the transverse deformation varies through the
plate thickness (i.e. along the -axis) with k3. In this way, the transverse normal
deformation is included in this formulation, along with the transverse shear
deformations.
Strain displacement relation
The six components of the strain tensor are computed from equation (27) by
taking its derivative with respect to the xi axis. In matrix form, the result for a
four-node element is:
fg  Bfdg 29
f"g  f"11 "22 "33 12 23 13gT 30
fdg  fd1 d2 d3 d4gT 31
where
B  B1B2B3B4 32























































11  gk1V k12 gk2V k31  gk1Vk32
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12  gkkV k13 gkkV k32  gkkVk33
gk3V
k















The vector {dk} is defined as:
fdkg  fuk1 uk2 uk3 k1 k2 k3g 35
Jacobian matrix










































V k3i i  1; 2; 3 39
[R] is defined as the inverse of the Jacobjan matrix, [J]±1. Then the required















i  1; 2; 3 41
Stress-strain relationship
Stress is calculated from the strain using the plane-strain assumption for the
in-plane stress components:
x  E1ÿv2 "x  v"y xy  Gxy
y  E1ÿv2 v"x  "y yz  KGyz
z  E"z xz  KGxz
42
where K is the shear correction factor, E is the elastic modulus, G is the shear





Let u3 be the transverse deflection as defined in equation (28). The work done




u3 p dA 43









The first term gives the conventional forces at each node, while the second term
yields the new nodal load, which will be called the transverse gradient moment
(TGM). For example, if p is a concentrated force P at node n, then the transverse
gradient moment associated with n3 becomes
1
2 tP , where t is the shell
thickness and the mid-plane is the reference plane.
When P is applied at the top plane,  equals one, and the transverse gradient
moment is 12 tP . If P is applied at the bottom plane (still with a positive loading
direction), the transverse gradient moment is ÿ 12 tP . That is, the load results in
compression or tension in the transverse normal stress depending on whether
the loading is applied to the top or bottom surface of the shell. The transverse
normal stress is assumed constant through the shell thickness for elastic
deformation. However, as plastic deformation progresses, the transverse
normal stress becomes non-uniform through the thickness in order to satisfy
the yield function.
Explicit time integration
The use of internal force vectors and explicit time integration negates the need
to explicitly form the system stiffness matrices. The acceleration vector is
computed from:
f Ugt  Mÿ1fFextgt ÿ fFintgt 45
where { U} is the system acceleration vector, [M] is the system mass matrix
assembled from the lumped element mass matrices, {Fext} is the system
external force vector, and superscript t denotes the time step. Of course, the
system mass matrix in equation (45) is simply symbolic, since a system mass
vector, formed from the diagonal of the mass matrix, is used in actual
computation. Velocity and displacement are then found using:
f _Ugtt2  f _Ugtÿt2  f Ugtt







The formulation and algorithm presented here have been tested for different
cases. For each case, an elastic solution was compared to available results, and
then the elasto-plastic solutions were obtained. Elastic solutions were in good
agreement with analytical or other solutions available in the literature. To save
space, only elasto-plastic solutions are presented below.
Thick clamped plate under pressure load in elasto-plastic region
A thick steel plate, clamped on all four sides, is subjected to dynamic pressure
load. The plate is 6m by 6m by 0.6m thick. Table I shows the material
properties for the structure. Table II shows the properties for the void model.
One-quarter of the plate is modeled with a three by three element mesh,
for a total of nine elements, with appropriate symmetry boundary conditions
applied. Four integration points are used through the thickness of each
element. The calculation time step is 10±5 seconds. The plate is subjected to a
uniformly distributed pressure acting downwards, and includes the
appropriate transverse gradient moment. The pressure increases linearly from
0.0Pa at the start to 80MPa at 0.01 seconds, then remains constant for the
duration of the analysis. Three cases were analyzed: no void effects, void
growth effects only, and void growth and nucleation. Figure 2 illustrates the
effect of voids on the effective stress versus the effective strain relationship in
the top of one of the border elements. When void effects are not included, the
Von-Mises equivalent (VME) stress follows the yield stress in the plastic region
(see Figure 2(a)).
Including void effects causes the yielding before the VME stress reaches
the yield stress. As the void content increases with continued plastic flow, the
VME stress falls farther below the yield stress, as shown in Figure 2(b) (see
equation (1)).
Property Value
Elastic modulus (E) (Pa) 2  1011
Tangent modulus (ET) (Pa) 2  1010
Density () (kg/m3) 7,850
Poisson's ratio (v) 0.29




Initial void content (0) 0.0
Nucleating particle content (N ) 0.04
Mean nucleation strain (eN) 0.3
Nucleation strain standard deviation (sN) 0.1
Model constant q1 1.5
Model constant q2 1.0









Void effects in a
clamped plate with
pressure loading:






Table III summarizes the results of the three cases. Differences in stresses
caused by voids are more than 5 percent with the most significant difference in
the transverse normal stress, zz. This difference resulted in a 2.0 percent
increase in the effective plastic strain, and a 2.6 percent increase in the peak
deflection of the center of the plate.
Another interesting point is that the transverse normal stress was
compressive and constant throughout the thickness up until plastic flow, as
assumed in the formulation, then varied as the stress in the bottom fiber
decreased and became tensile. Eventually, the transverse normal stress varied
from compressive at the top, where the pressure was applied, and tensile at the
bottom. The examples that follow will not include a separate analysis for void
growth effects only, since the difference of including nucleation effects at the
resulting small plastic strains obtained do not cause significantly different
results.
Thick clamped plate with central point load in the elasto-plastic region
The geometry and material properties of this example are identical to those
used in the previous example. The pressure load has been replaced with a point
load at the center node. Four cases are studied:
(1) without void effects or a transverse gradient moment;
(2) with void effects;
(3) with a transverse gradient moment applied; and
(4) with both void effects and a transverse gradient moment applied.
All four sides are clamped, and the center node displacement is restricted in
the x and y directions. Then, a TGM equal to the applied force times one-half
the plate thickness is applied for both the no-void and void cases. The
time history of the stress components in the center element is shown
in Figure 3, and the relationship between porosity and effective plastic strain
is illustrated in Figure 4. The results for all six cases are summarized in
Table IV.
Peak values for element #3 No void effects Void growth Growth and nucleation
VM (GPa) 1.4498 1.3789 1.3784
"effective 0.0588 0.0597 0.0597
xx (GPa) 1.4501 1.3603 1.3598
yy (GPa) 0.6561 0.6030 0.6073
zz (maximum tension) (GPa) ±0.0003 0.0065 0.0091
zz (maximum compression) (GPa) ±0.0363 ±0.0322 ±0.0320
"plastic (effective) 0.0540 0.0551 0.0551
 (porosity) NA 0.0355 0.0357
Deflection (center node) (m) ±0.3801 ±0.3897 ±0.3898
Table III.
















plastic strain in bottom









The transverse gradient moment increases the effective stress on the fiber in
compression, and decreases the effective stress on the fiber in tension. The
reduction in the tensile stress results in a reduction in the effective
plastic strain. Including void effects decreases the VME stress on the fiber in
tension, and slightly increases the VME stress on the fiber in compression. The
effective plastic strain is also increased. All of these results indicate that this
formulation correctly predicts, in a qualitative sense, the effects of transverse
gradient moments and void growth and nucleation. Including only void effects
decreased the von-Mises stress by 11 percent and increased the effective plastic
strain by 5.0 percent, while including only the transverse gradient moment
decreased the von-Mises stress by 2.8 percent and the effective plastic strain by
3.1 percent. Including both void effects and the transverse gradient moment
decreased the von-Mises stress by 13.6 percent and increased the effective
plastic strain by 0.2 percent, indicating the importance of applying both effects
together.
Simply supported plate with central point load in the elasto-plastic region
The material properties, geometry, mesh, and time values from the clamped
plate problem above are used here. The magnitude of the force is 8  l08N, and
the transverse gradient moment, when applied, is ±2.4  l08N. The same four
cases are analyzed:
(1) no void or transverse gradient moment effects;
(2) transverse gradient moment effects only;
(3) void effects only; and
(4) both void and transverse gradient moment effects.
The analysis results for all four cases are summarized in Table V.
The qualitative results for this example are the same as for the clamped
plate. Since the applied force causes greater initial yielding, void growth and
nucleation has a greater effect. The transverse gradient moment, when added









VM (GPa) 2.1119 1.9021 2.0540 1.8590
"effective 0.0892 0.0929 0.0865 0.0887
xx (GPa) 2.0008 1.8407 2.0000 1.7498
yy (GPa) 1.9588 1.7245 1.8589 1.7234
zz (maximum tension) (GPa) 0.0048 0.0213 ±0.0003 ±0.0003
zz (maximum compression) (GPa) ±0.0036 ±0.0057 ±0.1751 ±0.1691
"plastic (effective) 0.0838 0.0880 0.0812 0.0840
 (porosity) NA 0.0663 NA 0.0601








to the void effects, reduces the amount of effective plastic strain in tension and
displacement. Including voids and the transverse gradient moment reduced the
von-Mises stress by 24 percent.
Conclusions
A stable algorithm was developed for transient dynamic analysis of plates
subjected to bending loads, which include both void effects with plastic
deformation and the transverse normal stress with the transverse gradient
moment. Gurson's nonlinear constitutive equation was used for the void model
with both void nucleation and void growth. The formulation and algorithm
presented here were tested on different example cases.
The transverse gradient moment was important for thick plates. It
induced large transverse normal stress and affected the plastic deformation.
Similarly, the effect of voids on plastic deformation was not negligible. The
example of a simply supported plate with a center load showed a 24 percent
reduction in the von-Mises stress caused by both voids and the transverse
gradient moment.
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